Interested in the collapse of a radiating star, we study the temporal evolution of a fluid with heat flux and bulk viscosity, including anisotropic pressure. As a starting point, we adopt an initial configuration that satisfies the regularities conditions as well as the energy conditions to a certain range of the mass-radius ratio for the star, defining acceptable models. For this set of models, we verify that the energy conditions remain satisfied during all the process of collapse until the black hole formation. Astrophysical relevant quantities, such as the luminosity perceived by an observer at infinity, the time of event horizon formation and the loss of mass during the collapse are presented.
I. INTRODUCTION
Understanding the processes that lead to gravitational collapse, forming black holes or naked singularity (in the context of the cosmic sensorship), or even the gravitational stability allowing the description of stars in the point of view of general relativity, are astrophysical problems that are still far from properly approach.
Although many analytical solutions can be found, only a small number of them represent physically acceptable stellar models, even though they are far from providing a realistic description. From the pioneer model of a star proposed by Oppenheimer and Snyder [1] for neutral matter, and even the Schwarzschild interior solution considering a perfect fluid with constant energy density [2] , many researchers have strived to search for more realistic models. A first step of great importance in this direction was given by Vaidya in 1951 [3] , when he obtained the first exact solution to space time filled by null radiation, with spherical symmetry, and thus representing the outer gravitational field of a star radiant. From there, solutions considering the presence of heat flux in the stellar interior began to be investigated.
However, only in 1985, with the work of Santos [4] proposing the conditions of connection between a source solution with radial heat flow and an exterior represented by the Vaidya solution, these studies could bring more significant results.
Several authors attempted to construct more realistic models and to understand how the stellar interior behaves, such as Oliveira et al. [5] , Kolassis et al. [6] , and Bonnor et al. [7] in early years.
Another contribution to this subject was done by Chan, who initially considered only anisotropic stresses [8] , after that, he included the contributions of the shear [9] [10] [11] and the expasion scalar [12] in the stress-energy tensor. Posteriorly, Nogueira and Chan [13] , and Pinheiro and Chan [14] continued these studies.
Herrera and Santos introduced the concept of euclidean stars [15] , simplifying the metric in order to introduce non null shear in an exact solution. This kind of source has been explored in G. Govender et al. [16] , Govinder and M. Govender [17] , and Abede et al. [18] .
Recently, M. Govender et al. also studied the effect of shear in a dissipative gravitational collapse [19] .
In the gravitational collapse context, causal thermodynamics was introduced by M.
Govender et al. [20] . Other works also included it, such as Naidu et al. [21] , M. Govender et al. [19] , and Naidu and M. Govender [22] .
The first exact solution for an radiating star was obtained by Naidu et al. [21] . This work was genelarized by Rajah and Maharaj [23] when they treated juction condition as a Riccati equation.
In this work, we start from a static initial solution for an anisotropic fluid in the pressures, obtained first by Hernández and Núñez [24] under the hypothesis of a non-local state equation [25] and from the choice of the energy density profile of Gokhroo and Mehra [26] .
It is important to note that this solution satisfies all conditions of regularity, hydrodynamic stability, as well as energy, and the latter limits the possible stellar models as a function of their mass-radius ratio. In order to study the temporal evolution of a plausible initial configuration such as this, we introduce a temporal dependence on the metric and take the static solution as the initial limit of the collapse process.
Our paper is organized as follows. In section 2, we present the Einstein's field equations.
Once that is done, we introduce the junction conditions in section 3, with Vaidya's metric describing the exterior space-time, just as some relevant physical quantities. Following that, in section 4, we propose a solution for the field equations. In section 5, the initial static solution is presented in details.considering a static density profile, we can find the anisotropic pressures. Then, in section 6, we investigate if a black hole is created, when it occurs, as well as the values of the effective adiabatic index along the star, during the collapse for different values of the bulk viscosity coefficient. We also obtained the luminosity for a distant observer, and how much mass is loss due to radiation process. In section 7, we verify that there are configurations which satisfy all the energy conditions inside the source during the collapse process. Finally, we make the concluding remarks in section 8.
II. EINSTEIN FIELD EQUATIONS
Our purpose in this work is to study the behavior of a dissipative fluid distribution, initially static and sufficiently compacted to justify the use of general relativity. In other words, we are looking for the modeling of an astrophysical object, such as a neutron star for example, that is allowed to collapse and follow the evolution of some physical parameters relevant to the model. The most general spherically symmetric matter distribution for inner spacetime, corresponding to the source, can be written as
The energy momentum tensor representing the dissipative fluid, including terms, is given by
where η > 0 and ζ > 0 are the coefficients of shear viscosity and bulk viscosity, respectively.
The quantity ρ is the energy density, while P r is the radial pressure, P ⊥ is the tangential one. Besides, σ αβ is the shear tensor, Θ is the expansion scalar, q α is the heat flow, u α is the four-velocity, and X α is an unit vector. The last vectors should satisfy the relations 
with κ = 8π in the geometric coordinate system (c = G = 1). The line represents ∂/∂r and the dot means ∂/∂t.
III. JUNCTION CONDITIONS
Assuming that the spherical distribution of matter emits null radiation while collapses, the Vaidya metric is that describes the exterior spacetime, given by
where
We separate the manifolds into interior and exterior by a timelike three-space spherical hipersurface Σ.
Now we consider the junctions conditions, which means the continuity of the first and second fundamental forms, or the continuity of the metric and extrinsic curvature of the hypersurface Σ.
First of all, following Nogueira and Chan [13] , the continuity of the first fundamental form provides us
On the other hand, the continuity of the second fundamental form allows us to obtain the mass-energy function in the form
where m is the mass-energy contained within the distribution entrapped between the center and Σ. Note that this expression is equivalent to the definition given by Cahill and McVittie [27] .
In addition, the gravitational redshift can be put in the form dv dτ
and it is simple to see that it diverges when
The continuity of the extrinsic curvature allows us to write the identity
If we combine (14) with (4) and (6), we can find the following relation
which is the generalization of the junction condition (P r ) Σ = 0 in the presence of dissipation and viscosity terms.
Moreover, the total luminosity for an observer in rest is given by
So, using (8), (11), (12) and (15), we can rewrite (16) as
IV. THE FIELD EQUATIONS SOLUTIONS
In order to study the evolution of an initial static configuration simulating a gravitational collapse, we consider the metric
where ξ is an arbitrary constant, and the metric form was chosen so that it coincides with the metric proposed by Hernández e Núñez to a static configuration [24] when f (t 0 ) = 1, in such way that t 0 represents the initial time of the collapse.
The Einstein's field equations (3)-(6) for this metric reduce to
We can write the expansion scalar, the shear tensor and the shear scalar, respectively, as
sinceḂ/B =Ċ/C, andu α = u α;β u β .
So, the junction condition (15) takes the following form
Considering the metric (18) in the mass-energy function (11), we have
From (19)- (22), we can obtain the heat flux, the energy density, the radial and tangential pressure, respectively
The luminosity for an observer at rest at infinity can be obtained from (17) and (30), that is,
Then, using (18), (28), (30) into (26), we have got
At the initial time, the equation (33) reproduces the static case from Hernández e Núñez [24] , that is
So, substituting (34) into (33), we find
which can be rewrite asỹ
whereỹ = dy df .
Solving the equation (36), we geṫ
where a is an arbitrary integration constant.
In order to determine a, we assume that f → 1 andḟ → 0 when t = t 0 → −∞ (initial time). Thus,
Using (38), we rewrite (37) in a simple form aṡ
Integrating the above equation, we obtain
where t * is an arbitrary constant.
The function f has values between 1 and 0, so the equation (40) can be rewritten as
where t − t * → t.
Since −∞ < t ≤ 0, we have
with f → 1 when t → −∞.
Thus, the field equations (28), (29), (30), and (31), can be written in function of f , that is,
In the same way, using (39), we can write (23) as
Substituting (39) into (27), we obtain
Next, using (34) and (39), we can write (32) as
V. THE INITIAL STATIC SOLUTION
The initial configuration adopted in this work is one of that used by Hernández and
Núñez [24] , using the Gokhroo and Mehra's density profile [26] ,
being M 0 the initial mass.
We obtain the metric which describes the static solution from (18) if we impose that f = 1 at the initial time. In this case, the exterior spacetime is described by the Schwarzschild metric. So, in order to match the inner and outer spacetimes, we have h(r Σ ) = ξ. Thus, from the equations (44)- (47), we obtain
We draw attention to a misconception in the Hernández and Núñez's paper [24] , in which they omitted a constant corresponding to 8πρ 0 , which multiplies the second term of equation (59) 
VI. TIME EVOLUTION OF THE INITIAL SOLUTION
Substituting (51) into (43), (47), (48), and (49), respectively, we obtain
In order to determine if the initial configuration evolves to a black hole, we look for possible solutions to the equation (13) considering the metric (18) , that is
Next, substituting (39) into (59), we can obtain the value of f , corresponding to the instant of the event horizont formation t H ,
Then, if we choose the minimum and maximum limit for the γ parameter, that are γ = 3/8 and γ = 7/16, we have, respectively
Thus, we can see that the system collapses in a finite time.
We can also determine mass-energy when the star crosses the event horizon substituing (60) in (57). So,
Therefore, we can find the mass loss percentage as
FIG. 1: Mass-energy
The equation (64) shows that 25% of the initial mass declines for γ = 3/8, and 12.5% for γ = 7/16, which is displayed in figure 1 . We could interpret its decrease as loss of matter in the form of radiation. Figure 2 shows that an observer at infinity would notice a rapid growth in the brightness of the star, reaching its maximum value, and after decaying until disappearing into the event horizon.
In addition, we can see the heat flux inside the star represented in figure 3 , while the figure   4 shows that the expansion scalar decreases during the gravitational collapse, as expected.
The time range analyzed is from the beginning of collapse process (f → 1) to f = 81/256 for γ = 3/8, and f = 2401/4096 for γ = 7/16. Those graphics should be observed from right to the left.
We can also calculate the effective adiabatic index using (52) and (53), that is,
Based on the graphics shown in figure II , we can say that the bulk viscosity coefficient contributes to the uniformity of Γ along the star. This behaviour is more clear in the model with γ = 3/8.
Although the graphics do not show the behaviour of the effective adiabatic index until 
VII. ENERGY CONDITIONS FOR AN ANISOTROPIC FLUID WITH VISCOS-

ITY
Since the energy-momentum tensor has elements outside of the main diagonal, we must diagonalize it and, to do this, we have to solve the equations
The roots of the equation above are the eigenvalues λ of diagonalized energy-momentum tensor, and the energy conditions are established in function of them.
Defining
Using (66), we obtain
which results in four solutions
In the following sections, we introduce the energy conditions for the model proposed here.
More details can be found in [6] .
A. Weak energy conditions
In terms of the eigenvalues, the weak energy conditions can be resumed as
Considering (71), the inequation (74) can written as
Setting i = 1 in (75), it is necessary to use (71) and (72). So,
Analogously, setting i = 2, we have to use (71) and (73). Thus,
which has an identical result when we set i = 3.
B. Dominant energy conditions
The dominant energy conditions imposes
The inequalities (79) and (74) are the same, so the inequality (76) is included in dominant condition, that is
Setting i = 1, and using (71), (72), and (80), we get
The inequality (82) implies
For i = 2, 3, we get
C. Strong energy conditions
Finally, the strong energy conditions are given by
Substituting (71), (72), and (73) into (87), we obtain
As (88) is identical to (75), the inequalities are the same, that are
D. Analysis of the energy conditions
In table I, below, we summarize the complet set of energy conditions. There, we can see that the validity of the first inequality and third one implies that second one is satisfied.
In the same way, the fifth inequality is fulfilled when the third and sixth ones are. So, the analysis of the first, third, fourth, and sixth ones are enough. Next, we show them in figures 5, 6, 7 and 8 for specific values of γ, which correspond to the limits that preserve the hydrostatic equilibrium and the energy conditions for initial configuration. For the chosen models (γ = 3/8 e γ = 7/16), all the energy conditions are satisfied for any radius and time. 
VIII. CONCLUSION
In this work, we proposed a time-dependent solution for an imperfect fluid with pressure anisotropy which obeys, at least initially, a non-local state equation.
We admit the possibility of separating variables in order to simplify the field equations and obtain analytic solutions. Moreover, we consider an energy-momentum tensor that includes radial heat flow, anisotropic pressures and bulk viscosity. We restricted our models to 3/8 ≤ γ ≤ 7/16 because all the energy conditions are satisfied in this range at the initial The star undergoes a gravitational collapse process, resulting in the formation of an event horizon, when the star becomes a black hole. In this model, although it was not possible to obtain explicity the temporal function present in the metric, and as this function varies between 1 and 0 in the gravitation collapse process, it was possible to study some important physical quantities, such as mass-energy, luminosity, heat flux, scalar expansion and the effective adiabatic index. We also found the percentage of the stellar mass lost depending on the initial mass-radius ratio. It is important to point out that all the energy conditions are satisfied during all the stages of the collapse process.
